Mathematical models to describe thin-layer drying and to determine drying rate of whole bananas  by da Silva, Wilton Pereira et al.
Journal of the Saudi Society of Agricultural Sciences (2014) 13, 67–74King Saud University
Journal of the Saudi Society of Agricultural Sciences
www.ksu.edu.sa
www.sciencedirect.comFULL LENGTH ARTICLEMathematical models to describe thin-layer drying
and to determine drying rate of whole bananasWilton Pereira da Silva *, Cleide M.D.P.S. e Silva, Fernando J.A. Gama,
Josivanda Palmeira GomesCenter of Science and Technology, Federal University of Campina Grande, PB, BrazilReceived 25 November 2012; accepted 10 January 2013













Drying kineticsCorresponding author. Tel.
-mail addresses: wiltonps@u
l.com.br (C.M.D.P.S. e Silva
ama), josivanda@gmail.com
er review under responsibilit
Production an








.2013.01.Abstract Banana is a fruit produced in most tropical countries. According to the literature, the
post-harvest loss is about 40% of the production. To reduce the losses, an alternative is to dry
the product. In this context, the main objective of this article was to describe the thin-layer drying
of whole bananas. To describe the convective drying process, a mathematical model is normally
used. In this article, several empirical models were selected to simulate experiments of thin layer
drying accomplished with whole bananas at temperatures of 40, 50, 60 and 70 C. In the selection,
it was imposed that mathematical expressions must be obtained from each model to calculate the
drying rate and also the process time. The process time ranged from 1200 (70 C) up to 3265
(40 C) min. The maximum drying rate occurs at the beginning of the process and varied between
1.95 · 103 (40 C) and 3.60 · 103 (70 C) min1. The statistical indicators (determination coefﬁ-
cient and chi-square) showed that Page and Silva et alii models were the best ones to describe
the drying kinetics. These two empirical equations enable to write mathematical expressions for
the drying rate and process time, and these expressions produced results which can be considered
equivalent.
ª 2013 King Saud University. Production and hosting by Elsevier B.V. All rights reserved.1. Introduction
Banana is a fruit produced in most countries with wet tropical
weather. According to Baini and Langrish (2007), the world3333 2962.





y. Production and hosting by Else
003production of bananas is increasing almost every year, and
reached approximately 100 million tons in 2004. In 2010, the
main producer countries were India (32 million tons), China
(10 million tons), Philippines (9 million tons), Ecuador
(7.9 million tons) and Brazil with 7 million tons (FAO,
2011). Banana is one of the fruits most appreciated by consum-
ers around the world, mainly due to its sensory characteristics.
It is a caloriﬁc food, rich in carbohydrates and minerals, with
medium quantity of sugar and vitamin A, and contains little
protein (Gouveia et al., 2004). As Alsina et al. (2002) observed,
bananas are important in the human nutrition because of their
caloriﬁc value, and mainly as a source of minerals and vita-
mins. Besides the consumption ‘‘in natura’’, several products






Figure 1 (a) Cross-section of the dryer showing the ﬂux of air,
the grid with an area of 40 · 40 cm2 and trays for the samples. (b)
The positions of the trays (15 · 15 · 5 cm3) on the grid are
changed cyclically during the interruptions of the drying process to
weigh the bananas.
68 W.P. da Silva et al.dry products, as ﬂour, ﬂakes and also ‘‘banana-passa’’, that is
the dried product.
According to Baini and Langrish (2007) and many other
authors, the high moisture content of bananas makes them
susceptible to mold growth. India, the world’s largest banana
producer, reported post-harvest losses as high as 35–45%,
whereas Brazil reported a product loss of approximately
40%. As cooling is not a viable technique to prolong the shelf
life of bananas, an alternative to this end is drying. According
to Katekawa and Silva (2007), drying of bananas is used not
only for preservation, but also to aggregate value to the prod-
uct, as in chips and ‘‘banana-passa’’. Likewise, Janjai et al.
(2009) also observed that banana is dried not only for preser-
vation purposes, but also for modiﬁcation of the taste, ﬂavor
and texture to meet consumer preferences and to increase the
market value of the product.
Due to its nutritional and economic importance, several
studies about banana are available in the literature, and some
of them will be mentioned herein. Talla et al. (2004) developed
mathematical models for density and shrinkage variation of
banana during drying and validated these models through an
experimental study on this fruit. Karim and Hawlader (2005)
developed a mathematical model to describe heat and mass
transfer processes during drying of banana, taking into ac-
count the shrinkage of the product. Nguyen and Price (2007)
investigated the effect of the drying conditions on the drying
kinetics of cylindrical pieces of banana in a temperature range
from 30 to 70 C, taking into account the effect of the slab
thickness. In addition, the inﬂuence of the banana maturity
and different harvesting seasons were also studied to conﬁrm
the effect of the morphology on the drying kinetics. In order
to describe the heat penetration during a drying process, the
latent heat of vaporization of water in the product must be
known. Silva et al. (2012a) determined an empirical equation
for the latent heat of vaporization of water in bananas, during
their isothermal drying, as a function of moisture content and
temperature. On the other hand, Da Silva et al. (2012a) pro-
posed a drying model for bananas with variable effective mass
diffusivity, and their study involved a numerical solution of the
diffusion equation and an optimization algorithm based on an
inverse method.
To describe the thin layer drying of an agricultural product,
two main groups of models are frequently found in the litera-
ture. The ﬁrst group corresponds to the empirical models
(Turhan et al., 2002; Diamante et al., 2010; Kaleta and
Go´rnicki, 2010; Mundada et al., 2011; Silva et al., 2012b)
and second one corresponds to the diffusion models (Karim
and Hawlader, 2005; Nguyen and Price, 2007; Da Silva
et al., 2012a,2012b; Darvishi et al., 2013). Empirical models
are important not only to describe thin layer water removal,
but also to describe the heat penetration during this removal
when hot air is used. In this case, heating is governed by the
diffusion equation, that involves the drying rate in the energy
balance (Karim and Hawlader, 2005; Mariani et al., 2008), and
this rate can be determined by an empirical model. Generally,
an empirical model is also used in the study of deep bed drying.
In some methods of simulation, the deep bed is divided into
several thin layers, and a set of equations is required to de-
scribe the process in each layer. Two of these equations are
necessary to express the drying rate as a function of time,
and also the drying time as a function of moisture content.
Normally, empirical models are used with this ﬁnality (Aregbaet al., 2006; Dantas et al., 2011). In this context, observing the
importance of empirical equations in drying simulations, the
objective of this article is deﬁned as follows.
The main objective of this article was to describe the thin-
layer drying kinetics of bananas, using empirical models.
Hence, several models were selected and the selection obeyed
the following criterion: from each selected model, mathemati-
cal expressions must be obtained to calculate the drying rate
and also the process time.
2. Materials and methods
2.1. Experimental data of banana drying
Ripe banana Musa acuminata, subgroup Cavendish cv nanica
was acquired in the local market, in the city of Campina
Grande, State of Paraiba, Brazil. The experimental study
was conducted during the months of August and September
in 2011. The thin-layer drying experiments, using hot air, were
conducted in the Laboratory of Storage and Processing of
Agricultural Products of the Federal University of Campina
Grande. The convective drier employed in this investigation
(Fig. 1), with vertical ﬂux, controller of temperature, controller
of air velocity, and three drying trays, was developed and con-
structed in the local Department of Agricultural Engineering.
Several ripe bananas were peeled and selected by their appear-
ance and size, with no evidence of mechanical damage. Three
sieves, each one with 1 whole banana, were placed in a convec-
tive dryer with vertical air ﬂux. Thus, each drying process was
performed in triplicate, with hot air at 40, 50, 60 and 70 C.
For each temperature T, care was exercised to select three ba-
nanas with the same dimensions (or very close) to minimize the
size effect on the experimental data. Since three samples were
dried simultaneously at each time and temperature, the mean
value of the three experimental moisture contents was used
for the drying characteristics. Average length L and diameter
D of the product were measured before drying, with a digital
caliper rule (Starret, Brazil, resolution of 0.05 mm), and the re-
sults are given in Table 1. This table also presents the average
moisture contents in dry basis (initial Xi, ﬁnal Xf and equilib-
rium Xeq) as well as drying time t. During the experiments,
moisture content was measured by the gravimetric method
using a digital balance (Marte, Brazil, precision of 0.01 g).
The bananas were weighed at time intervals ranging from
5 min at the beginning of drying, to about 4 h at the end of
Table 1 Dimensions, moisture contents and drying time of the bananas for each drying air temperature.
T (C) L (mm) D (mm) Xi (db) Xf (db) Xeq (db) t (min)
40 179 ± 9 31.5 ± 1.2 3.2163 0.4068 0.1352 5665
50 141 ± 5 29.8 ± 0.8 3.4336 0.4284 0.1213 3805
60 143 ± 6 29.5 ± 0.9 3.1420 0.3794 0.1075 2050
70 165 ± 8 30.6 ± 1.1 2.8990 0.3488 0.0936 1680
Table 2 Average relative humidity, velocity and temperature.
Drying air Room air
T (C) RHð%Þ mðm=sÞ TroomðCÞ RHroomð%Þ
40 30.5 1.59 29.5 52.0
50 20.3 1.84 30.3 59.3
60 10.4 1.70 30.2 48.3
70 6.6 1.50 30.1 48.4
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equilibrium value. At the end of each drying, the oven temper-
ature was set at 105 C and the bananas remained there for 4 h,
enabling the measurement of dry matter. It should be noted
that the drying time was longer because the process occurred
until the equilibrium moisture content was attained. However,
in this study, the drying processes were studied only up to the
ﬁnal moisture contents Xf presented in Table 1, which guaran-
tee the exclusion of the glass transition region.
Information about the drying air (average relative humid-
ity, RH, and average velocity, m) and the room air (temperature
and average relative humidity) is given in Table 2 for each tem-
perature of the drying air.
2.2. Mathematical models
Many times, empirical equations are seen as a resource that
only serves to describe the thin layer drying kinetics of an agri-
cultural product. However, several methods describe deep bed
drying dividing the domain into many thin layers. Thus, an
empirical equation, together with several others, is used to de-
scribe the process in each layer. In this case, expressions
involving the drying rate as a function of time, and the drying
time as a function of moisture content are required, and an
empirical equation can be used with this ﬁnality (Aregba
et al., 2006; Dantas et al., 2011). Furthermore, in order to de-
scribe the heat penetration in a body during the water removal
using hot air, an expression involving the drying rate is re-
quired (Karim and Hawlader, 2005; Mariani et al., 2008),
and normally an empirical model is used to determine this rate.
In this context, in order to describe the thin layer drying kinet-
ics of peeled bananas through empirical equations, the follow-
ing assumptions were established:
(1) The number of ﬁtting parameters of the empirical equa-
tions should be only one or two;
(2) A mathematical expression for the drying rate as a func-
tion of time should be obtained from the empirical
equation;
(3) A mathematical expression for the drying time as a func-
tion of moisture content must be obtained from the
empirical equation.From the assumption number 1, the moisture content X at
a time t should be given by an expression of the type:
X ¼ Xeq þ ðXi  XeqÞfðt; a; bÞ; ð1Þ
where f(t, a, b) is a function with 1 or 2 ﬁtting parameters (a
and b), and this function must satisfy all the established
assumptions. On the other hand, Eq. (1) can be modiﬁed to ex-
press dimensionless moisture content at a time t as follows:
X ¼ fðt; a; bÞ ð2Þ
in which
X ¼ X Xeq
Xi  Xeq : ð3Þ
Several searches were made in the literature (Turhan et al.,
2002; Akpinar and Bicer, 2005; Ghazanfari et al., 2006;
Ganesapillai et al., 2008; Roberts et al., 2008; Hii et al., 2009;
Diamante et al., 2010; Kaleta and Go´rnicki, 2010; Kumar
et al., 2010; Mercali et al., 2010; Mundada et al., 2011;
Tunde-Akintunde and Ogunlakin, 2011; Silva et al., 2012b) in
order to ﬁnd empirical equations that satisfy the established
assumptions. The selected models are given in Table 3.
From the models presented in Table 3, the mathematical
expressions for the drying rate as a function of time are ex-
pressed as is shown in Table 4. This table also shows the
expressions to determine the drying time for given dimension-
less moisture content. With relationship to the expressions of
the drying time given in Table 4, the appropriate signal before
the root in models 3 and 6 must satisfy the fact that t is zero
when X* is equal to one.
Empirical models will be ﬁtted to the experimental datasets,
using nonlinear regression through LAB Fit Curve Fitting
Software (Da Silva et al., 2004), and the results will be evalu-
ated through the statistical indicators chi-square and determi-
nation coefﬁcient (Bevington and Robinson, 1992; Taylor,
1997).
3. Results and discussion
A number of similar studies with other fruits have been inves-
tigated and published in the literature using empirical models
(Akpinar and Bicer, 2005; Ganesapillai et al., 2008; Hii
et al., 2009; Diamante et al., 2010; Kaleta and Go´rnicki,
2010; Kumar et al., 2010; Mercali et al., 2010; Mundada
et al., 2011; Tunde-Akintunde and Ogunlakin, 2011), but in
general, the main focus of these studies is only to describe
the thin-layer drying kinetics. In this paper, additional atten-
tion is given to the determination of the drying rate and also
the drying time, enabling the use of the obtained results to
study the heat penetration and/or deep bed drying.
The moisture content in dry basis, measured in each instant
during the experiments, was written in the dimensionless form
Table 3 Empirical models to describe drying kinetics.
Model Name Empirical expression Reference
1 Lewis X* = eat Kaleta and Go´rnicki (2010)
2 Henderson and Pabis X* = aebt Diamante et al. (2010)
3 Wang and Singh X* = 1 + at+ bt2 Kaleta and Go´rnicki (2010)
4 Peleg X* = 1  t/(a+ bt) Mercali et al. (2010)
5 Page X ¼ eatb Diamante et al. (2010)




Silva et al. (2012b)
Table 4 Drying rate and drying time expressions obtained through the empirical models.
Model Drying rate Drying time
1 dX*/dt=  aeat t= lnX*/a
2 dX*/dt= abebt t= ln (*/a)/b
3 dX*/dt= a+ 2bt t ¼ ða ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃa2  4bð1 XÞp Þ=ð2bÞ
4 dX*/dt=  a/(a+ bt)2 t= a(1  X*)/(1  b+ bX*)
5 dX=dt ¼ abtb1eatb t= (lnX*/a)1/b






b2  4a lnX
p
Þ=ð2aÞ2
70 W.P. da Silva et al.according to Eq. (3), and then the data sets were analyzed. In
this article, the equilibrium moisture content was determined
experimentally, but equations for the calculation of this
parameter are abundant in the literature for many products,
including bananas (Phoungchandang and Wodds, 2000; Yan
et al., 2008).
It is interesting to note that models 3 (Wang and Singh) and
4 (Peleg) present an expected value for X* when t is zero:
X* = 1. However, when tﬁ1, the expected value X* = 0 is
not predicted by the models. On the other hand, models 5
(Page) and 6 (Silva et alii) do not present a ﬁnite value for
the drying rate when t is equal to zero, as is expected.Table 5 Results for the drying kinetics described by
T (C) Model a
40 1 8.252 · 104
2 0.926
3 6.739 · 104
4 8.843 · 102
5 3.451 · 103
6 5.043 · 104
50 1 1.438 · 103
2 0.930
3 1.217 · 103
4 4.947 · 102
5 5.282 · 103
6 9.308 · 104
60 1 2.036 · 103
2 0.945
3 1.681 · 103
4 3.829 · 102
5 5.255 · 103
6 1.434 · 103
70 1 2.383 · 103
2 0.954
3 1.963 · 103
4 3.308 · 102
5 5.344 · 103
6 1.803 · 103Performing nonlinear regressions, the obtained results are
presented in Table 5.
An inspection in the statistical indicators provided by Ta-
ble 5 gave a conclusion that the worse models are 3, 1 and 2.
Model 4 is reasonable but the best are models 5 (with determi-
nation coefﬁcients and chi squares close to, respectively, 0.9997
and 1.0 · 103) and 6 (with determination coefﬁcients and chi
squares close to, respectively, 0.9997 and 1.8 · 103), for all
temperatures of the drying air.
The simulations of the drying kinetics using the model 6
and the parameters given in Table 5 can be observed in
Fig. 2, for all temperatures.empirical models.
b R2 v2 · 103
– 0.9961 141.10
7.202 · 104 0.9933 41.25
1.269 · 107 0.9771 323.20
0.874 0.9981 16.28
0.792 0.9997 1.78
9.543 · 103 0.9996 2.18
– 0.9956 78.97
1.308 · 103 0.9929 24.34
4.230 · 107 0.9756 193.60
0.873 0.9981 8.63
0.798 0.9996 1.47
1.228 · 102 0.9994 2.02
– 0.9973 43.66
1.845 · 103 0.9955 14.43
7.901 · 107 0.9811 130.30
0.835 0.9992 3.09
0.840 0.9998 0.66
1.113 · 102 0.9995 1.59
– 0.9979 27.01
2.212 · 103 0.9966 9.65
1.092 · 106 0.9837 97.33
0.817 0.9993 2.02
0.862 0.9998 0.55
1.033 · 102 0.9995 1.35
Figure 2 Drying kinetics simulations using the empirical model 6 at temperature T= : (a) 40 C; (b) 50 C; (c) 60 C; (d) 70 C.
Mathematical models to describe thin-layer drying and to determine drying rate of whole bananas 71Fig. 2 enables a visual observation of model 6 as the model
that best described the drying kinetics of whole bananas at all
studied temperatures. This ﬁgure presents an expected result
(Diamante et al., 2010; Kaleta and Go´rnicki, 2010; Da Silva
et al., 2012a): for a given drying air velocity, the higher itsFigure 3 Drying kinetics simulations using the empirical models 5 antemperature, the faster the drying process. On the other hand,
Fig. 3 shows the drying kinetic simulations using the empirical
models 5 and 6, and it is possible to observe the compatibility
between the two models, despite a small disagreement in the re-
gion near Xf. To evaluate the goodness-of-agreement betweend 6 at temperature T= : (a) 40 C; (b) 50 C; (c) 60 C; (d) 70 C.
Figure 4 Drying rates calculated using the expressions obtained through models 5 and 6 at temperature T= : (a) 40 C; (b) 50 C; (c)
60 C; (d) 70 C.
72 W.P. da Silva et al.the drying rates determined by the two models, the 50 values of
each drying rate used to draw each graph of Fig. 4 were com-
pared and the correlation coefﬁcients, for the four tempera-
tures, were greater than R= 0.998.
Using the expressions given in Table 4 and the parameters
presented in Table 5, the drying rate, for instance, for
t= 500 min, is presented in Table 6. The drying time is also
presented in this table for X* = 0.5, as an example.
Table 6 reveals that the results for the drying rates at
t= 500 min are compatible when the expressions obtained
through models 5 and 6 are used in the calculations. The larg-
est discrepancy between the results for the drying rates from
models 5 and 6 is about 4% referring to the drying air at
70 C. In addition, an inspection in Table 6 enables to observeTable 6 Drying rate for t= 500 min and drying time for X* = 0.5
Model T= 40 C T= 50 C
Drying rate (min1)
1 5.462 · 104 7.006 · 10
2 4.652 · 104 6.325 · 10
3 5.470 · 104 7.940 · 10
4 5.065 · 104 5.705 · 10
5 4.672 · 104 5.659 · 10







6 829.6 461.3that the expressions obtained from models 5 and 6 provided
compatible results for the drying time, supposing X* = 0.5.
In this case, the largest discrepancy between the results for
the drying times obtained from models 5 and 6 is 2.5% refer-
ring to the drying air at 40 C.
In order to observe the coherence between the models 5 and
6 during the whole process, the drying rates referring to the
two models as a function of the time is shown in Fig. 4, from
the instant t= 10 min up to the ﬁnal of each studied process
(t= 3625, 2005, 1420 and 1200 min, respectively for T= 40,
50, 60 and 70 C).
Fig. 4 shows that, for all the temperatures, the drying rates
decreased during the whole process, and this behavior also oc-
curs with several other agricultural products (Roberts et al.,using the expressions obtained for each empirical model.
T= 60 C T= 70 C
4 7.356 · 104 7.239 · 104
4 6.931 · 104 6.982 · 104
4 8.909 · 104 8.710 · 104
4 5.977 · 104 6.052 · 104
4 6.178 · 104 6.291 · 104
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icki, 2010; Kumar et al., 2010; Mercali et al., 2010; Mundada
et al., 2011; Silva et al., 2012b). In addition, this ﬁgure shows
that it is difﬁcult to distinguish between the curves generated
from models 5 and 6, which means that the models can be con-
sidered equivalent. An inspection in this ﬁgure indicates that
the maximum drying rate occurs at the beginning of the pro-
cess and varied between 1.95 · 103 (40 C) and 3.60 · 103
(70 C) min1.
4. Conclusion
The experimental datasets enable to conclude that thin layer
drying of whole bananas took place exclusively in the falling
rate period, for all temperatures. Among the six empirical
models investigated in this study, the worst results were ob-
tained with Wang and Singh, Lewis and Henderson and Pabis,
while the Peleg model reasonably described the processes.
According to the statistical indicators, Page and Silva et alii
models well describe the thin layer drying kinetics of whole ba-
nanas at all investigated temperatures. A little disagreement
between the two models occurs only in the ﬁnal instants of
the drying process. However, these two models enable to write
mathematical expressions for the drying rate and the process
time, and these expressions produce results that can be consid-
ered equivalent.
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